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Abstract First-principles calculations have been carried

out to investigate the structure, stability, and finite-tem-

perature thermodynamic properties of the key precipitates

in the Al–Mg–Si alloys including b00-Mg5Si6, U1-

Al2MgSi2, U2-Al4Mg4Si4, b0-Mg9Si5, and b-Mg2Si. The

calculated phonon densities of states indicate that these

precipitated phases are vibrationally stable. Within the

framework of the quasiharmonic approach, the finite-tem-

perature thermodynamic properties of these precipitated

phases including entropy, enthalpy, and Gibbs free energy

have been calculated. The heat capacities at constant

pressure for these precipitates are predicted. The finite-

temperature entropies of formation, enthalpies of formation,

and Gibbs free energy of formation for these precipitates

are also computed. The acquired thermodynamic properties

are expected to be utilized for the prediction of the meta-

stable equilibria in the Al–Mg–Si alloys.

Introduction

The Al–Mg–Si alloys have received considerable attention

due to the wide applications of 6xxx alloys in automotive

industries [1–7]. These alloys have good extrudability and

age hardening characteristics as well as excellent corrosion,

surface, and welding properties [5, 8–10], which make

them find applications in a wide range of areas, such as in

the construction, automobile, and aerospace industries. An

increasing demand for the improved control of the prop-

erties of the Al–Mg–Si alloys requires knowledge of the

finest details of the precipitation sequence, which includes

diffusion, solute clustering, nucleation, growth, and trans-

formation of the precipitates. The precipitation sequence of

the Al–Mg–Si alloys during age hardening is complex and

involves a wide variety of metastable phases (e.g., Guinier–

Preston zones (GP-zones), b00, U1, U2, B0, b0, b) [5, 9]. The

generic precipitation sequence generally accepted for the

Al–Mg–Si alloys is as follows [5, 9]:

SSSS! GP� zones! b
00 ðMg5Si6Þ ! ðU1;U2;B

0
;b
0 Þ

! bðMg2SiÞ; Si

where SSSS stands for the supersaturated solid solution, GP-

zones are aggregates of solute atoms in the aluminum

matrix. Among these metastable precipitate phases, the b00

phase with a monoclinic structure of a composition Mg5Si6
[2] is believed to be the most effective strengthening pre-

cipitate. Here, the phases U1, U2, and B0 are also referred to

‘‘type A’’, ‘‘type B’’, and ‘‘type C’’ precipitates, respectively

[4]. The b0 precipitate is in rod shape, and is reported to be

present in over-aged specimens [4]. Vissers et al. [11] have

determined the detailed structure of b0 phase using electron

diffraction (ED), and reported that b0 has a composition of

Mg9Si5 [11]. It is worth noting that except for the equilib-

rium phases b-Mg2Si and Si, all phases are metastable.
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Despite of the importance of this class of alloys, infor-

mation regarding measurements of the energetics for these

metastable precipitate phases is nonexistent in the literature.

In addition, quantitative experimental determination of

metastable precipitate energetics (e.g., via calorimetry) is

often difficult. However, it has recently been demonstrated

that first-principles calculations provide a highly valuable

and predictive approach for establishing precipitate ener-

getics and studying their transformations. Recently, several

groups of authors have investigated the key precipitates

in the Al–Mg–Si alloys via first-principles calculations.

Frøseth et al. [8] have investigated the bonding and stability

of the key precipitates using augmented plane-wave ?

density-functional theory calculations. Ravi and Wolverton

[5] have collected the crystal structures for the key pre-

cipitates in the Al–Mg–Si system and investigated the rel-

ative stability of the precipitates. Van Huis et al. [9, 10]

have performed density functional-based calculations to

evaluate the phase stability and structural relations of the

matrix-embedded precipitate phases in the Al–Mg–Si alloys

in the early and late stages of evolution. Liu et al. [12] have

calculated the elastic constants and thermophysical prop-

erties of the key precipitates in the Al–Mg–Si alloys via

first-principles calculations. It should be noted that a com-

plete set of structural parameters, ground-state, and finite-

temperature thermodynamic properties would also provide

key inputs to CALPHAD method [13] for the sake of pre-

dicting metastable phase equilibria. For example, Zhang

et al. [14] have conducted an investigation associated with

the solvus boundaries of stable and metastable phases in the

Al–Mg–Si system via harmonic approximation and ther-

modynamic modeling. These considerations motivated us to

focus on structure, ground-state, and finite-temperature

thermodynamic properties of the key precipitates in the

Al–Mg–Si alloys within the approach of quasiharmonic

approximation [13, 15].

The rest of this study is organized as follows. In

‘‘Theory and methodology’’, the methodologies for the

calculations of structure and finite-temperature thermody-

namic properties are presented, and some details on the

computation and simulation are introduced. In ‘‘Results

and discussion’’, the obtained structures, ground-state, and

finite-temperature thermodynamic properties of the pre-

cipitated phases in the Al–Mg–Si alloys are discussed,

followed by the summary in ‘‘Summary’’.

Theory and methodology

First-principles quasiharmonic approach

The quasiharmonic approach based on first-principles cal-

culations is utilized to calculate the finite-temperature

thermodynamic properties of the key precipitates in the

Al–Mg–Si alloys. In terms of quasiharmonic approach, the

finite-temperature Helmholtz free energy FHelðV ; TÞ is

represented by [16–18]:

FHelðV ; TÞ ¼ EðVÞ þ FvibðV ; TÞ þ FelðV; TÞ: ð1Þ

The first term in Helmholtz free energy E(V) is the static

energy (without zero-point vibrational energy) at 0 K,

which is usually obtained through the fitting of equation of

state (EOS). FvibðV ;TÞand FelðV ; TÞ are vibrational and

thermal electronic contributions to the total free energy,

respectively.

In order to calculate the static energy of the precipitated

phases in the Al–Mg–Si alloys, the first-principles calcu-

lated volume-dependent energy curves are fitted by means

of four-parameter Birch–Murnaghan EOS with its linear

form given by [18]:

EðVÞ ¼ aþ bV�2=3 þ cV�4=3 þ dV�6=3 ð2Þ

where V is volume, and a, b, c, and d are the fitting

parameters. The equilibrium properties fitted with EOS

include the equilibrium volume (V0), equilibrium energy

(E0), bulk modulus (B), and its pressure derivative (B0). The

lattice vibrational contribution to Helmholtz free energy

FvibðV; TÞ is described with the well-known harmonic

approximation [15] at each fixed volume. With the

obtained phonon density of state (DOS), the contribution

from lattice vibrations to Helmholtz free energy FvibðV ; TÞ
is often evaluated with [15]:

Fvib ¼ kBT

Z1

0

ln 2 sinh
�hx

2kBT

� �
g xð Þdx ð3Þ

where �h and g xð Þ are the reduced Plank constant and

the phonon DOS, respectively. The contributions from

thermally excited electrons to Helmholtz free energy Felð Þ
can be calculated as:

Fel ¼ Eel � TSel: ð4Þ

The equations for the calculations of Eel and Sel are

described elsewhere [16, 17].

The heat capacity at constant pressure (Cp) is usually

described with the following equation [19, 20]:

Cp ¼ Cele
v þ Cvib

v þ a2VT BT ð5Þ

where a is the volume thermal expansion coefficient, and B

is the isothermal bulk modulus. VT is the equilibrium

volume at temperature T and pressure P. The heat capacity

at constant volume Cvib
v

� �
can be calculated via

differentiating the free energy of lattice vibrations

FvibðV; TÞ. And Cele
v ; which is the thermal electronic

contribution to the heat capacity, is described with the

following equation:
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Cele
v ¼

1

kB

Z
n e;Vð Þ exp

e� ef

kBT

� �
f � e� ef

T

� 	2

de ð6Þ

where n e;Vð Þ is the electronic density of state (eDOS). And

ef and f are the Fermi energy and Fermi distribution,

respectively.

According to Eq. 5, Cp is close to Cvib
v at low temper-

ature, larger than Cvib
v at high temperature, where the

thermal expansion effect of phonons is noticeable. Con-

sequently, the key to calculate Cp from first-principles

calculations is to include the main contribution to Cp from

the thermal expansion on phonons. The quasiharmonic

approximation is accounted for by the harmonic approxi-

mation at several volumes in a specific temperature.

In addition, the equilibrium finite-temperature entropies

of formation (DSf), enthalpies of formation (DHf), and

Gibbs free energy of formation (DGf) for the Al–Mg–Si

precipitates are evaluated by the following equation [5]:

DEeqðApBqÞ ¼ EðApBqÞ � ½xAEeqðAÞ þ xBEeqðBÞ� ð7Þ

where EðApBqÞ; EeqðAÞ, and EeqðBÞ are the thermody-

namic properties (per atom) of the precipitated phases in

the Al–Mg–Si alloys ApBq and constituents, A and B, each

in its equilibrium (zero-pressure) geometry. xA ¼ p=ðpþ qÞ
and xB ¼ q=ðpþ qÞ are the concentrations of A and B,

respectively. Analogous expressions apply for ternary

phases.

Details of first-principles and phonon calculations

The highly efficient first-principles plane-wave pseudopo-

tential method as implemented in the Vienna ab initio

simulation package (VASP) [21, 22] is utilized for the

present first-principles calculations. The electron–ion

interactions are described by the full potential frozen-core

PAW method [23, 24], and the exchange–correlation is

treated within the Generalized Gradient Approximation

(GGA) of Perdew–Burke–Ernzerhof (PBE) [25]. The

electronic configurations considered are 3s23p1 for Al,

2p63s2 for Mg, and 3s23p2 for Si, respectively. Conver-

gence tests indicated that a cutoff of 400 eV is sufficient

to insure the total energy differences are less than 1 meV/

atom. The Monkhorst–Pack scheme [26] k-points sampling

together with the linear tetrahedron method including

Blöchl corrections [27] is adopted for the integration in the

Brillouin zone (BZ). The convergence criterion for elec-

tronic self-consistency and ionic relaxation loop are

10-6 eV and 10-3 eV/Å, respectively. In the present cal-

culations, the unit cells of the key precipitates in the

Al–Mg–Si alloys are fully relaxed with respect to the

volume, the shape of the unit cell, and the atomic positions.

The phonon calculations are performed within the fro-

zen phonon (supercell method) approach as implemented

in the ATAT package [28], with VASP as the computa-

tional engine. In the quasiharmonic approach, five volumes

are generated for each key precipitated phase in the

Al–Mg–Si alloys. The displacement of 0.05 Å around the

equilibrium positions of each atom in the supercell is

applied, and the calculated forces acting on each atom are

then fitted to obtain the force constants. The cutoff distance

of 6 Å is adopted to fit the force constants and to obtain the

phonon frequencies in this study. The total number of

k-points per reciprocal atom is at least 10000 for all the

supercells. Additional details of phonon methodology can

be found elsewhere [29].

The mixed-space approach to first-principles calcula-

tions of phonon frequencies as implemented in the Yphon

package [30] is utilized to predict Longitudinal Optical/

Transverse Optical (LO/TO) splitting in b-Mg2Si. This

approach can make full use of the accuracy of the force

constants calculated in real space and the dipole–dipole

interactions in reciprocal space [30]. In calculating the

Born effective charge tensor and the high frequency static

dielectric tensor, we employed the linear response theory

implemented in VASP 5.2 by Gajdoš et al. [31] and the

same parameter settings as the static calculations. To cal-

culate the force constants in real space, we used the energy

cutoff of 400 eV, together with 2 9 2 9 2 supercells (of

the conventional cell) and 6 9 6 9 6 k-mesh sampling for

b-Mg2Si.

Results and discussion

In this section, first we show the crystal structures and

equilibrium properties of the pure elements and Al–Mg–Si

key precipitates predicted by EOS fittings (Sect. Crystal

structures), and then the thermodynamic properties of pure

elements at finite temperatures predicted by Eq. 1 and

compared with the results from Scientific Group Thermo-

data Europe (SGTE) data [32] (Sect. Finite-temperature

thermodynamic properties of pure elements). To demon-

strate the reliability of the present calculations, the phonon

and heat capacity of b-Mg2Si in comparison with the

results from experiments, CALPHAD modeling and pre-

viously theoretical results are presented (Sect. Phonon and

heat capacity of b-Mg2Si). Section Finite-temperature

thermodynamic properties and stability of the key precip-

itates) shows the finite-temperature thermodynamic prop-

erties of the Al–Mg–Si key precipitates.

Crystal structures

The presently calculated structural information of pure

elements (Al, Mg, and Si) and the key precipitates in the

Al–Mg–Si alloys are summarized in Table 2, compared
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with available experimental data. It should be noted that the

equilibrium states of the elements are taken as the reference

states. The comparisons shown in Table 1 reveal that the

results from first-principles calculations agree reasonably

well with the experimental data [33–35]. The discrepancies

for the key precipitates are due to the fact that the lattice

constants from first-principles are in a stress-free situation

while the precipitated phases are strained by Al-matrix. The

structures of these precipitated phases are considerably

influenced by the interfacial and strain energies [5].

The volume–dependent energy curves of the key pre-

cipitates in the Al–Mg–Si alloys are fitted through Eq. 2.

Figure 1a–c shows the volume–dependent energy curves

and the fitted EOS’s of these precipitated phases, indicating

that the EOS’s fit well with the VASP calculated energies.

Through EOS fittings, the bulk modulus and its pressure

derivative of individual precipitated phase in the Al–Mg–Si

alloys are obtained and shown in Table 1, in comparison

with the available experimental and theoretical results

[12, 36–41]. As can be seen in Table 1, the presently

determined bulk modulus of the precipitates is in good

agreement with the results from [12, 36]. While for the

elements Al, Mg, and Si, the agreement is reasonably good

except for Si. The calculated bulk modulus of Si is about

underestimated by 9.7% compared with the experimental

value [38]. In addition, the pressure derivative of the bulk

modulus for the elements and precipitates coincide well

with the experimental and theoretical results.

Finite-temperature thermodynamic properties of pure

elements

By considering both the vibrational and thermal electronic

contributions, the predicted thermodynamic properties

(Gibbs energy G, entropy S, enthalpy H, and heat capacity

Cp at zero external pressure) of fcc-Al, hcp-Mg, and dia-

mond-Si are predicted and shown in Figs. 2, 3, and 4,

together with the SGTE data [32] estimated in terms of

experiments for comparison. The reference states of fcc-Al,

hcp-Mg, and diamond-Si are the commonly used ones in

Table 1 Crystal structures and bulk modulus for the key precipitates in the Al–Mg–Si system

Phase Structure Pearson

symbol

Space

group

Lattice parameter (Å) aB0

(GPa)

aB0

0
Ref.

GGA-PBE Expt.

a b c a b c

Al Cub. cF4 Fm-3 m 4.04 – – 4.05 – – a77.30 a4.83 [34]
b79.40 g4.69

Mg Hex. hP2 P63/mmc 3.18 – 5.20 3.21 – 5.21 a36.53 a4.14 [33]
c35.83 g4.12

Si Cub. cF8 Fd-3 m 5.46 – – 5.43 – – a89.17 a4.34 [35]
d98.80 h4.24

b00-Mg5Si6 Mon. mS22 C2/m 15.14 4.05 6.94 (b = 1108) 15.13 4.05 6.74 (b = 1058) a61.90 a4.62 [2]
e67.00 –

U1-Al2MgSi2 Tri. hP5 P-3m1 4.08 – 6.66 4.05 – 6.74 a61.41 a4.37 [7]
f61.59 f4.42

U2-Al4Mg4Si4 Ort. oP12 Pnma 6.59 4.05 8.03 6.75 4.05 7.94 a66.48 a4.54 [6]
h65.69 f4.47

b0-Mg9Si5 Hex. hP14 P63/m 7.16 – 12.29 7.15 – 12.15 a59.95 a4.13 [11]
f58.69 f4.51

b-Mg2Si (stable) Cub. cF12 Fm-3 m 6.36 – – 6.34 – – a54.73 a4.09 [57]
f54.60 f4.08

The data for elements are also collected in the table
a Evaluated from EOS fitting in this study
b Ref [37], experiment
c Ref [39], experiment
d Ref [38], experiment
e Ref [36], theoretically predicted
f Ref [12], theoretically predicted
g Ref [41], theoretically predicted
h Ref [40], experiment
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CALPHAD community, i.e., the enthalpy at 298.15 K and

1 bar. As can be seen in Fig. 2, the present prediction of

thermodynamic properties for fcc-Al is in good agreement

with the SGTE data. As for hcp-Mg, the presently pre-

dicted thermodynamic properties including G, S, and H

are in good coincidence with the SGTE data. As shown

in Fig. 3, the calculated Cp of hcp-Mg is also in good

agreement with the SGTE values at lower temperatures;

however, the discrepancies become larger as the tempera-

ture increases. For diamond-Si, the calculated thermody-

namic properties including G, S, and H in this study are in

good coincidence with the SGTE data. The evaluated Cp of

diamond-Si coincides with the SGTE data at lower tem-

peratures, showing some deviations with SGTE values in a

high-temperature range. It should be emphasized that the

SGTE data at lower temperatures (below 300 K) are not

shown for comparison due to the inaccuracy of SGTE data

at lower temperatures [32]. In general, the presently cal-

culated thermodynamic properties including G, S, H, and

Cp at zero external pressure of fcc-Al, hcp-Mg, and dia-

mond-Si are in good agreement with the SGTE data, which

are the representative of the experimental data.

Phonon and heat capacity of b-Mg2Si

b-Mg2Si is known to be a small band gap semiconductor

[42, 43]. In a consequence, the Coulomb interactions will

cause the frequencies of LO modes to be above those of TO

modes. The LO/TO splitting occurs at the C point of the

BZ, and only for infrared active modes. However, the

traditional frozen phonon approach cannot be employed to

estimate the LO/TO splitting directly. Zhang et al. [14] has

utilized frozen phonon approach to calculate the phonon

dispersions for b-Mg2Si without predicting the LO/TO

splitting for the infrared active mode. In this study, the

mixed-space approach [30] and frozen phonon approach

are both utilized to calculate the phonon dispersions of

b-Mg2Si. It is worth noting that only the ancillary calcu-

lations concerned with LO/TO splitting are performed for

b-Mg2Si, where the experimental data are available. Figure 5

shows the calculated phonon dispersions for b-Mg2Si using

mixed-space approach and frozen phonon method in

comparison with the experimental data. As shown in

Fig. 5a, the calculated phonon dispersions at C point

(including LO and TO) for b-Mg2Si using mixed-space

Fig. 1 Calculated energy versus volume points (open circles) for b00-Mg5Si6, U1-Al2MgSi2, U2-Al4Mg4Si4, b0-Mg9Si5, b-Mg2Si, and the

correspondingly fitted four-parameter Birch–Murnaghan equation of states (Solid lines)
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approach are in good agreement with the experimental

values [44, 45]. While the frozen phonon approach cannot

correctly predict the LO phonon frequency, as shown in

Fig. 5b. Table 2 collects the phonon frequencies at high-

symmetry points in the first BZ for b-Mg2Si. Using the

mixed approach, the phonon frequencies for LO/TO bran-

ches at C point are in good agreement with the experi-

mental results as shown in Table 2. The frozen phonon

predicted that phonon frequency of LO branch is the same

with TO at C point, thus this phenomenon is inaccurate.

Such a feature indicates the inability of frozen phonon

approach in predicting LO/TO splitting. It should be noted

that the presently determined phonon frequencies at high-

symmetry points (C, X, W) using the mixed-space approach

are very close to the result by Tani [42], who has utilized

Density Functional Perturbation Theory (DFPT) [46] to

calculate the phonon properties of b-Mg2Si.

Based on the phonon density of states (DOS) of b-Mg2Si

calculated by means of ATAT package [28], the thermo-

dynamic properties of b-Mg2Si including entropy,

enthalpy, Gibbs free energy, and heat capacity are evalu-

ated by considering both the vibrational and thermal

electronic contributions. It also should be mentioned that

the LO modes contribute very little to the phonon DOS.

Therefore, this study does not take into account the influ-

ence of LO/TO splitting on the thermodynamic properties

of b-Mg2Si. Figure 6 shows the calculated heat capacity at

constant pressure Cp and heat capacity at constant volume

Fig. 2 Predicted thermodynamic properties (Gibbs energy G,

enthalpy H, entropy S, and heat capacity Cp) of fcc-Al by considering

both the vibrational and thermal electronic contributions. The

reference state for H is the value at 298.15 K. The SGTE data are

also shown for comparison

Fig. 3 Predicted thermodynamic properties (Gibbs energy G,

enthalpy H, entropy S, and heat capacity Cp) of hcp-Mg by

considering both the vibrational and thermal electronic contributions.

The reference state for H is the value at 298.15 K. The SGTE data are

also shown for comparison

Fig. 4 Predicted thermodynamic properties (Gibbs energy G,

enthalpy H, entropy S, and heat capacity Cp) of diamond-Si by

considering both the vibrational and thermal electronic contributions.

The reference state for H is the value at 298.15 K. The SGTE data are

also shown for comparison
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Cv of b-Mg2Si in comparison with the experimental [47],

CALPHAD [48] and previously calculated data [43]. As

shown in Fig. 6, the presently determined Cp of b-Mg2Si is

in good agreement with the experimental value which is

mainly distributed at lower temperatures. The CALPHAD

evaluated Cp of b-Mg2Si bears deviations from the pres-

ently calculated results in mid-temperature range from

about 300 to 700 K. It is worth noting that the presently

determined Cv of b-Mg2Si is in good coincidence with the

previously calculated results by Wang [43]. These com-

parisons validate the accuracy of the present predictions.

Finite-temperature thermodynamic properties

and stability of the key precipitates

Figure 7 illustrates the predicted phonon DOS’s for the key

precipitates b00-Mg5Si6, U1-Al2MgSi2, U2-Al4Mg4Si4,

b0-Mg9Si5, and b-Mg2Si at their theoretical equilibrium

volumes. These phonon DOS’s can be used to calculate the

vibrational contributions to Helmholtz free energy (or

Gibbs free energy due to the zero external pressure used in

this study). It should be noted that these phonon DOS’s are

calculated by means of ATAT code [28]. No existence of

any imaginary frequency in the phonon DOS’s indicates

the vibrational stability of the energetically metastable

precipitates.

Based on the obtained phonon DOS’s and electronic

DOS’s, the Helmholtz free energy FHelðV ; TÞ of the

Al–Mg–Si key precipitates can be evaluated according to

Eq. 1. Figure 8a–b shows the calculated Gibbs free energies

(a) and entropies (b) for the key precipitates in the Al–Mg–Si

alloys by considering both the vibrational contributions and

thermal electronic contributions. As can be seen in Fig. 8a,

FHelðV ; TÞ is larger than 0 at 0 K since there exists zero-

point energy from lattice vibrations. Comparing the phonon

DOS’s of the Al–Mg–Si key precipitates as shown in Fig. 5,

the distributions of vibrational frequencies in the lower

frequency region increase from b-Mg2Si, U1-Al2MgSi2,

b0-Mg9Si5, U2-Al4Mg4Si4 to b00-Mg5Si6, indicating the

increase of phonon contributions to Gibbs energies from

b-Mg2Si, U1-Al2MgSi2, b0-Mg9Si5, U2-Al4Mg4Si4 to

b00-Mg5Si6 (cf. Eq. 3 and Fig. 8). In principle, the higher

value of the phonon density of states in the lower frequency

region implies a weak bonding nature in the precipitates.

That is why that the entropy of b00-Mg5Si6 increases

with temperature more quickly than those of the other key

Al–Mg–Si precipitated phases. And consequently, the

Gibbs free energy of b00-Mg5Si6 decreases faster than that of

any other precipitate at high temperatures.

The heat capacities at constant pressure Cp for the key

precipitated phases in the Al–Mg–Si alloys are predicted

based on Eq. 5 and are plotted as a function of temperature

in Fig. 9. It should be noted that there are no experimental

data concerned with the Cp of the key precipitated phases

in the Al–Mg–Si alloys in the literature up to now except

for b-Mg2Si, which has been discussed above. The Cp is

very important in evaluating phase equilibrium via ther-

modynamic modeling. Since there are no experimental data

concerned with the Cp of the key precipitated phases in the

Al–Mg–Si alloys, the presently determined Cp of the key

precipitated phases are expected to be used to establish the

Fig. 5 Calculated phonon dispersions for b-Mg2Si using mixed

approach (a) and frozen phonon method (b) in comparison with the

experimental data

Table 2 Phonon frequencies at high-symmetry points in the first

Brillouin zone for b-Mg2Si

Method Expt. Literature This study

Wang

et al. [43]

Tani and

Kido [42]

Mixed

approach

Frozen

phonon

xTO(C) (THz) a8.0 8.67 8.2 8.17 8.18

xLO(C) (THz) a9.8 10.43 10.1 10.11 8.18

xLA(X) (THz) – 8.37 8.2 8.18 8.18

xTA(X) (THz) – 4.97 4.7 4.71 4.70

xLA(L) (THz) – 8.42 8.5 8.52 8.51

xTA(L) (THz) – 3.56 3.4 3.47 3.47

a From Ref. [44]
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database of metastable equilibria in the Al–Mg–Si alloys.

Figure 10 shows the calculated DSf for the key precipi-

tated phases. The magnitude of this formation property is

generally small, with most entropies being slightly positive

or negative except for b00-Mg5Si6, the DSf of which grad-

ually gets large with the increase of temperature. It can be

seen in Fig. 10 that the DSf calculated at a specific tem-

perature decrease in an order like the following sequence:

DSf(b00-Mg5Si6)[DSf(U2-Al4Mg4Si4) & DSf(U1-Al2MgSi2)

[DSf(b0-Mg9Si5) [ DSf(b-Mg2Si). The metastable phase

b00-Mg5Si6 has the highest DSf, while the stable phase

b-Mg2Si has the lowest DSf.

Table 3 collects the predicted room temperature (298 K)

DSf and DHf of the key precipitated phases in the Al–Mg–

Si alloys in comparison with the values obtained from

different methods including experiment [47, 49–56],

CALPHAD [48], and previous first-principles calculations

[5, 14]. It should be noted that these quantities are calcu-

lated from a combination of the total energy at 0 K, ther-

modynamic phonon, and thermal electronic contributions.

The DHf calculated at 298 K decrease in an order like:

Fig. 6 Calculated heat capacity at constant pressure Cp and heat

capacity at constant volume Cv of Mg2Si in comparison with the

experimental, CALPHAD, and previous first-principles calculated

data

Fig. 7 Calculated phonon density of states (DOS’s) for b00-Mg5Si6,

U1-Al2MgSi2, U2-Al4Mg4Si4, b0-Mg9Si5, and b-Mg2Si at their

theoretical equilibrium volumes

Fig. 8 Calculated Gibbs free energies (a) and entropies (b) for the

key precipitates b00-Mg5Si6, U1-Al2MgSi2, U2-Al4Mg4Si4, b0-Mg9Si5,

and b-Mg2Si of the Al–Mg–Si alloys by considering both the

vibrational by phonon and thermal electronic contributions based on

quasi-harmonic approach. The reference states are fcc-Al, hcp-Mg,

and diamond-Si
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DHf(b00-Mg5Si6)[DHf(U1-Al2MgSi2)[DHf(U2-Al4Mg4Si4)

[DHf(b0-Mg9Si5) [ DHf(b-Mg2Si). In this order, the

b00-Mg5Si6 phase, the DHf of which is slightly positive,

forms early in the precipitation sequence and gradually

disappears after further heat treatment. The phenomenon

that the phases U1-Al2MgSi2 and U2-Al4Mg4Si4 have

Fig. 9 Calculated heat capacity at constant pressure by considering

both the vibrational by phonon and thermal electronic contributions

based on quasiharmonic approach for the key precipitates b00-Mg5Si6,

U1-Al2MgSi2, U2-Al4Mg4Si4, b0-Mg9Si5, and b-Mg2Si of the

Al–Mg–Si alloys

Fig. 10 Calculated entropies of formation versus temperature based

on quasiharmonic approach for the key precipitates b00-Mg5Si6,

U1-Al2MgSi2, U2-Al4Mg4Si4, b0-Mg9Si5, and b-Mg2Si of the

Al–Mg–Si alloys

Table 3 Enthalpies and

entropies of formation DHf (kJ/

mol-atom) and DSf (J/mol-atom/

K) at 298.15 K for the key

precipitates b00-Mg5Si6,

U1-Al2MgSi2, U2-Al4Mg4Si4,

b0-Mg9Si5, and b-Mg2Si of the

Al–Mg–Si alloys

VPTM vapor pressure

transformation method

emf electromotive force

Phase DHf DSf Method Reference

b00-Mg5Si6 3.312 4.795 This study –

3.5 4.5 First-principles Zhang et al. [14]

3.3 – First-principles Ravi and Wolverton [5]

U1-Al2MgSi2 -0.7530 1.362 This study –

-3.1 – First-principles Ravi and Wolverton [5]

U2-Al4Mg4Si4 -4.506 1.228 This study –

-5.8 – First-principles Ravi and Wolverton [5]

b0-Mg9Si5 -11.552 -0.001 This study –

-12.6 0.2 First-principles Zhang et al. [14]

-11.7 – First-principles Ravi and Wolverton [5]

b-Mg2Si -15.677 -2.107 This study –

-17.7 -1.8 First-principles Zhang et al. [14]

-18.0 – First-principles Ravi and Wolverton [5]

-25.9 – Calorimetry Kubaschewski and Villa [49]

-14.2 3.1 VPTM Grjotheim et al. [50]

-27.9 – Knudsen cell Ryabchikov and Mikulinski [51]

-26.4 -7.3 emf Lukashenko and Eremenko [52]

– -0.5 Calorimetry Mannchen and Jacobo [53]

-61.9 – Knudsen cell Caulfield and Hudson [54]

-27.1 -2.7 Calorimetry Gerstein et al. [47]

-29.7 – Calorimetry Blachnik et al. [55]

-22.2 -4.7 emf Rao et al. [56]

-21.1 – Calorimetry Feufel et al. [58]

-21.0 -1.7 CALPHAD Yuan et al. [48]
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lower DHf than b00-Mg5Si6 can be accounted for by the fact

that the Al atoms have more covalent nature in these

Al-containing phases. And this nature has been verified by

Frøseth et al. [8], using augmented plane-wave ? density-

functional theory calculations. With higher Mg content, the

b0-Mg9Si5 phase bears a lower DHf than the above three

phases. The b-Mg2Si phase which has the final equilibrium

structure of the precipitation sequence has the lowest DHf.

It should be noted that the first-principles calculated results

show a correlation between decreasing energy and

increasing Mg:Si ratio as the precipitation process proceeds

(except for U1-Al2MgSi2 which has the lowest Mg:Si

ratio). This result is consistent with the previous first-

principles calculations by Ravi and Wolverton [5]. As can

be seen in Table 3, the presently determined DHf of the key

precipitated phases in the Al–Mg–Si alloys are generally in

good agreement with the experimental, CALPHAD, and

previous first-principles calculated results. The presently

predicted entropies of formation DSf of the key precipitated

phases in the Al–Mg–Si alloys in this study are in good

agreement with the determined values from Zhang et al.

[14] who has utilized harmonic approximation to investi-

gate the thermodynamic properties of the precipitates. The

calculated DSf of b-Mg2Si at 298.15 K yields a value of

-2.107 J/mol-atom/K which falls in the range of the

experimental data [47, 50, 52, 53, 56] from -7.3 to 3.1

J/mol-atom/K as shown in Table 3.

Figure 11a, b shows the calculated DHf (a) and DGf

(b) versus temperature based on quasiharmonic approach

for the key precipitates in the Al–Mg–Si alloys, where both

the contributions from lattice vibrations and thermally

excited electrons to the free energy are considered. From

Fig. 11a, it can be concluded that the DHf of these pre-

cipitates are almost constant in the studied temperature

range, which confirms the reliability of the method for the

usual constant treatment of the enthalpy of formation in the

thermodynamic optimization, as used in CALPHAD

method. As can be seen in Fig. 11b, the DSf has a con-

siderable influence on the DGf of these precipitates, espe-

cially for b00-Mg5Si6 which has the highest DSf among the

precipitates. However, the contribution of DSf to the DGf of

these precipitates generally does not convert the relative

stability of the precipitates. It can be seen in Fig. 11b that

the decrease order of the DGf of these precipitates at a

specific temperature (below 800 K) is DGf(b00-Mg5Si6) [
DGf(U1-Al2MgSi2)[DGf(U2-Al4Mg4Si4)[DGf(b0-Mg9Si5)

[DGf(b-Mg2Si), which is the same with the sequence of

DHf at a specific temperature for the key precipitates. The

key reason for this phenomenon is that the DSf of these

precipitates are slightly positive or negative, making the

temperature effect upon the change of relative stability of

the precipitates at finite-temperatures relatively small

(except b00-Mg5Si6).

Summary

A systematic investigation concerned with the structure,

stability, and finite-temperature thermodynamic properties

of the key precipitates in the Al–Mg–Si alloys including

b00-Mg5Si6, U1-Al2MgSi2, U2-Al4Mg4Si4, b0-Mg9Si5, and

b-Mg2Si have been conducted via first-principles calcula-

tions. The vibrational stability of these precipitated phases

have been validated by the predicted phonon DOS’s. The

phonon LO/TO splitting of b-Mg2Si has been accurately

predicted with the mixed-space approach. The finite-tem-

perature thermodynamic properties of these precipitated

phases including entropy, enthalpy, and Gibbs free energy

of these precipitates have been calculated based on

the framework of the quasiharmonic approximation. In

Fig. 11 Calculated formation enthalpies (a) and Gibbs formation

energy (b) versus temperature based on quasiharmonic approach for

the key precipitates b00-Mg5Si6, U1-Al2MgSi2, U2-Al4Mg4Si4, b0-
Mg9Si5, and b-Mg2Si of the Al–Mg–Si alloys
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particular, the heat capacities at constant pressure for these

precipitates have been predicted. The finite-temperature

entropies of formation, enthalpies of formation, and Gibbs

free energy of formation of these precipitates have also

been computed. The acquired thermodynamic properties of

these precipitates are expected to be utilized for evaluating

metastable equilibria in the Al–Mg–Si alloys.
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